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Abstract
Let n ≥ 1 and s ≥ 1 be integers. An almost s-stable subset A of [n] = {1, . . . , n}
is a subset such that for any two distinct elements i, j ∈ A, one has |i − j| ≥ s.
For a family F of subsets in [n] and r ≥ 2, the chromatic number of the r-uniform
Kneser hypergraph KGr(F), whose vertex set is F and whose edges set is the set
of {A1, . . . , Ar} of pairwise disjoint elements of F , has been studied extensively in
the literature and Abyazi Sani and Alishahi were able to give a lower bound for it in
terms of the equatable r-colorability defect, ecdr(F). In this article, the methods of
Chen for the special family of all k-subsets of [n], are modified to give lower bounds
for the chromatic number of almost stable general Kneser hypergraph KGr(Fs) in
terms of ecds(F). Here Fs is he collection of almost s-stable elements of F . We also,
propose a generalization of conjecture of Meunier.
1 Introduction
Let n ≥ 1, s ≥ 1 and r ≥ 2 be integers. Let F be a family of subsets of [n] = {1, . . . , n}.
We say that a subset A of [n] is (almost) s-stable if for all distinct elements i and j in A,
s ≤ |i−j| ≤ n−s (respectively s ≤ |i−j|). We use the notation Fs for the almost s-stable
subsets in F . The r-uniform Kneser hypergraph KGr(Fs) is an r-uniform hypergraph with
the vertex set Fs and the edge set of all pairwise disjoint subsets {A1, . . . , Ar} in Fs. We
use the notion of the equitable r-colorability defect of F , defined by Abyazi Sani and
Alishahi in [1]. It is defined as
ecdr(F) = n−max {
r∑
i=1
|Xi| | {X1, . . . ,Xr} is equitable and disjoint ∀F ∈ F ∀ i ∈ [r] F 6⊆ Xi}.
Here equitable means ||Xi| − |Xj || ≤ 1 for all 1 ≤ i ≤ j ≤ r.
Our goal here is to prove the following two theorems.
Theorem 1.1. If r is a power of 2 and s is a multiple of r, then
χ(KGr(Fs)) ≥
⌈
ecds(F)
r − 1
⌉
.
It is plausible to make the following conjecture
Conjecture 1.1. For any n ≥ 1, r ≥ 2, s ≥ r and any family F of subsets of [n], one
has
χ(KGr(Fs)) ≥
⌈
ecds(F)
r − 1
⌉
.
1
We also prove
Theorem 1.2. If r = p is a prime number then
χ(KGp(Fs)) ≥
⌈
n− α1 − α2
p− 1
⌉
where α1 = (s− 1)
⌊
n−ecd
p
(F)
p
⌋
and α2 =
⌊
(p− 1)n−ecd
p
(F)+1
p
⌋
.
2 Proof of Theorem 1.1
The proof is done in two steps. First, we prove the theorem for r = 2. Next, we prove
that the statement of the theorem is true for all powers of 2 by induction. The first part
of the proof is via a clever application of the Tucker lemma, which has its roots in the
works of Meunier [4] and Chen [2]. For n ≥ 1, we let sd(En−1(Z2)) denote all subsets of
{±1, . . . ,±n} such that no two distinct elements of it, have the same absolute value.
Proof. We will assume that r = 2, t = χ(KG2(Fs)), with a proper coloring c of its vertices
with {1, . . . , t}. Let α = n− ecds(F). We define a Z2-equivariant map
λ : sd(En−1(Z2)) −→ {±1, . . . ,±m}
where m = α + t. For a non-empty face A = {a1, . . . , ak} with |a1| < · · · < |ak| , define
Alt(A) = {|a1|, |ai1 |, . . . , |ail |} where 1 < i1 ≤ k is the first index (if any) that a1ai1 < 0,
i1 < i2 ≤ k is the first index (if any) that ai1ai2 < 0 and so on. The name Alt is for the
alternating. The definition of λ is given in two cases.
Case 1: If |Alt(A)| ≤ α, then define λ(A) = sgn(A)|Alt(A)|, where sgn(A) is the sign of
the smallest element of A in absolute value.
Case 2: If |λ(A)| > α, then assume Alt(A) = {a1 < · · · < ak} and define Xi = {aj |j ≡ i
mod s}, for i = 1, . . . , s. Then we have a family of s equitable disjoint subsets such that∑s
i=1 |Xi| > n− ecd
s(F). So, by the definition of equitable r-colorability defect, there is
an F ∈ F and 1 ≤ i ≤ s, such that F ⊆ Xi. Choose the smallest such F , with an chosen
arbitrary complete ordering on F . It is clear from the way that Xi is defined that Xi is s
almost stable and hence F is also s almost stable, also since s is even, the the elements of
Xi is either inside A
+ or A−, where A± = {1 ≤ i ≤ n| ± i ∈ A}. Define λ(A) = c(F ) + α
if F ⊆ A+ and λ(A) = −(c(F ) + α) if F ⊆ A−.
We now show that if A ⊂ B and |λ(A)| = |λ(B)| then λ(A) = λ(B), Then the
Tucker lemma will imply that m ≥ n that is t ≥ ecds(F) as desired, To prove this claim,
first assume that |λ(A)| ≤ α, so we are in the first case and hence |Alt(A)| = |Alt(B)|,
therefore sgn(A) = sgn(B), since otherwise by choose adding the absolute value of the
first element of A to Alt(B), we get an alternating set of length bigger than Alt(A), which
does not exist. If |λ(A)| > α, then we are in the second case and if λ(A) = −λ(B), and say
λ(A) > 0, we have two subsets F ⊆ A+ and F ′ ⊆ B− with the same color c(F ) = c(F ′),
while F ∩F ′ ⊆ A+ ∩B− = ∅, which is a contradiction. So the claim and the theorem are
proved for the case when r = 2.

Now we prove the following lemma, which will finish the proof of the Theorem 1.1 by
a simple induction on the exponent of 2.
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Lemma 2.1. If Conjecture 1.1 is true for (r, s) = (r1, r1) and for (r, s) = (r2, s2), then
it will be true for (r, s) = (r1r2, r1s2).
Proof. Let r = r1r2 and s = r1s2. Let t = χ(KG
r(Fs)) and c : Fs → {1, . . . , t} be a
proper coloring. Define
F ′ = {X ⊆ [n]|ecdr1(F|X) > (r1 − 1)t}
Let X ∈ F ′s2 , then by identifying X with {1, 2, . . . , |X|} by the unique order preserving
bijection, any element of (F|X)r1 will be in Fs and hence gets a color in {1, . . . , t} via c.
Since by the assumption of the lemma
χ(KGr1((F|X )r1)) > t
therefore, one can find pairwise disjoint subsets B1(X), . . . , Br1(X) in Fs|X with the same
color, we assign that color to X and hence get a coloring c′ : F ′s2 → {1, . . . , t}. We claim
that c′ is a proper coloring of KGr2(F ′s2) and hence by the hypothesis of the lemma
ecds2(F ′) ≤ (r2 − 1)t.
To prove the claim, assume for the sake of contradiction that we have found pairwise
disjoint subsets A1, . . . , Ar1 in F
′
s2
with the same color c′(A1) = · · · = c
′(Ar2), then it
follows that we have r = r1r2 pairwise disjoint subsets Bi(Xj) for i = 1, . . . , r1 and
j = 1, . . . , rj in Fs of the same color by the coloring c. This contradicts the properness
of c. Now, we may find X0 ⊆ [n] of size at most (r2 − 1)t and an equitable partition
[n]\X0 = X1 ∪ · · · ∪Xs2
such that no X ∈ F ′ is a subset of one of Xi for i = 1, . . . , r2. In particular Xi 6∈ F
′.
So ecdr1(F|Xi) ≤ (r1 − 1)t. So one may find Xi,0 ⊆ Xi of size at most (r1 − 1)t and an
equitable partition,
Xi\Xi,0 = Xi,1 ∪ . . . Xi,r1
such that no F ∈ F|Xi is a subset of one of Xi,1, . . . ,Xi,r1 . Note that we may assume
without loss of generality that |Xi,0| = (r1 − 1)t, by removing elements from Xi,j ’s and
adding them to Xi,0 without breaking the equitability condition. This implies that Xi,j
for i = 1, . . . , s2 and j = 1, . . . , r1 form an equitable partition of [n]\X
′
0 with X
′
0 =
X0 ∪ X1,0 ∪ · · · ∪ Xr2,0 with at most (r2 − 1)t + r2(r1 − 1)t = (r − 1)t elements. This
partition has the property that there is no F ∈ F such that it is a subset of one of Xi,j
for 1 ≤ i ≤ r2 and 1 ≤ j ≤ r1. So, ecd
s(F) ≤ (r − 1)t and the lemma is proved. 
3 Proof of Theorem 1.2
This is also by modifying a proof of Chen given in [3]. It uses the Zp-Tucker lemma whose
statement is given in [4]. For n ≥ 1 and a prime number p, we let sd(En−1(Zp)) denote all
subsets of Zp× [n], such that no two distinct elements of it, have the same first component
(sometimes called the sign).
Proof. Let t = χ(KGp(Fs)) and c be a proper coloring of its vertices with {1, . . . , t}. We
construct a Zp-equivariant map
λ : sd(En−1(Zp)) −→ Zp × [m]
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λ(A) = (λ1(A), λ2(A))
wherem = t+α1+α2 and satisfies the properties of the Zp Tucker lemma with parameters
α = α1 + α2 and m, i.e.
1. If A1 ⊆ A2 and λ2(A1) = λ2(A2) ≤ α then λ1(A1) = λ1(A2).
2. If A1 ⊆ · · · ⊆ Ap and λ2(A1) = · · · = λ2(Ap) > α then λ1(A1), . . . , λ1(Ap) are not
pairwise distinct.
and hence
α+ (p− 1)(m− α) ≥ n
Therefore
t ≥
n− α
p− 1
and the theorem is proved. Let A be a non-empty face and B ⊂ A be such that for
each i ∈ Zp, B
i = {1 ≤ j ≤ n|(i, j) ∈ B} is an almost s stable subset and pi2(B) ⊆ [n]
is maximum with respect to an arbitrary complete ordering on subsets of [n], with the
property that if |A| < |B| then A < B. Here pi2 is the projection onto the second
component. The construction of λ is given in three cases.
Case 1: If there is an F ∈ F with F ⊆ Bi for some i ∈ Zp, then choose the smallest such
F and define
λ(A) = (i, c(F ) + α).
Case 2: If |Bi1 | = · · · = |Bip |, and 1 ≤ j ≤ s− 1 is so that the smallest element of pi2(A)
is congruent to j modulo s− 1, then define
λ(A) = (sgn(A), (s − 1)(|Bi1 | − 1) + j).
Note that since we are not in the case one, p|Bi1 | ≤ n− ecdp(F) and hence
(s − 1)(|Bi1 | − 1) + j ≤ α1.
Case 3: Otherwise, If |Bi1 | = · · · = |Bih | < |Bih+1 | ≤ · · · ≤ |Bip | with some 1 ≤ h < p,
then choose 1 ≤ h′ < p such that hh′ ≡ 1 mod p and define
λ(A) = ((i1 . . . ih)
h′ , (p − 1)|Bi1 |+ p− h+ α1).
Note that since we are not in the case one, if we remove elements from Bih+1 , . . . , Bih
so that their size become |BI1 | + 1, then we have an equitable disjoint collection of sets
without ant element of F in them, so p|Bi1 | + p − h ≤ n − ecdp(F) and hence it follows
that
(p − 1)|Bi1 |+ p− h ≤ α2.
It remains to check the conditions of Zp-Tucker lemma. The equivariance is only
non-obvious for the case 2, it follos from the fact that
((ω · i1) . . . (ω · ih))
h′ = ωhh
′
(i1 . . . ih)
h′ = ω(i1 . . . ih)
h′ .
If A1 ⊆ · · · ⊆ Ap and λ2(A1) = · · · = λ2(Ap) > α, then we are in the first case and we have
elements Fi ∈ F such that Fi ⊆ B
λ1(Ai)
i and have the same color c(F1) = · · · = c(Fp).
Hence if λ1(A1), . . . , λ1(Ap) are pairwise distinct then F1, . . . , Fp are pairwise disjoint.
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This contradicts the properness of c.
If A1 ⊆ A2 and λ2(A1) = λ2(A2) ≤ α1, then we are in the second case, hence |B
i
1| = |B
i
2|
for i ∈ Zp. So if sgn(A1) 6= sgn(A2), then we since the first elements of pi2(A1) and pi2(A2)
are congruent modulo s − 1, by adding the first element of A2, to B2 we get subset B3,
where Bi3 is almost s stable for all i and B
sgn(A1)
3 is bigger than B
sgn(A1)
1 . This contradicts
the maximality of B1.
If A1 ⊆ A2 and α1 < λ2(A1) = λ2(A2) ≤ α, then we are in the third case. Hence if
|Bi11 | = · · · = |B
ih
1 | < |B
ih+1
1 | ≤ · · · ≤ |B
ip
1 |
|Bj12 | = · · · = |B
jk
2 | < |B
jk+1
2 | ≤ · · · ≤ |B
jp
2 |
then |Bi11 | = |B
j1
2 | and h = k and therefore {i1, . . . , ih} = {j1, . . . , jk}. It follows that
λ1(A1) = λ1(A2).
All of the conditions are checked and hence the theorem is proved. 
4 Conclusion
Let n ≥ 1 and s ≥ 2, r ≥ 2 be integers. A subset A of [n] is s-stable if s ≤ |i− j| ≤ n− s
for all distinct i, j ∈ A. For a family F of subsets in [n], the chromatic number of
KGr(Fs−stab) for the family Fs−stab of the s-stable elements in F has also been studied
in the literature. The corresponding conjecture
Conjecture 4.1. With the above notation for s ≥ r, on has
χ(KGr(Fs−stab)) ≥
⌈
ecds(F)
r − 1
⌉
.
has counter examples, even for r = s = 2. However it is true in this case (i.e.
r = s = 2) , for the family of all k-subsets of [n], which is just the statement of the famous
Schrijver’s theorem. For this special family also Conjecture 1.1 is true for r = 2, by Chen
[3]. In fact our Theorem 1.2, in this case reduces to χ(KG2(Fs)) ≥ n−s(k−1) = ecd
s(F).
Also in [2], Chen has proved Conjecture 4.1 for the family of all k-subsets of [n], r = 2
and s an even inetger.
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